Ultracold photoassociation is a process in which two cold atoms combine to form a molecule. This process is crucially dependent on the atom pair density at close distance termed the photoassociation window. We explore the possibilities for increasing the pair density at the photoassociation window by using a prepulse to accelerate the pairs of atoms at large interatomic separation toward each other. We show that the signal of a subsequent photoassociation pulse could be enhanced by a factor of one to two orders of magnitude with respect to the conventional continuous wave experiment. For neutral encounters on the ground potential surface which scales as R −6 the acceleration becomes negligible. The electronic excited state potentials scale for homonuclear S → P transitions more favorably as R −3 . A possible pump-dump mechanism for acceleration, excites a pair of atoms at large distance employing the natural acceleration on the excited state. Then a dump pulse moves the population back to the ground surface. By controlling the phase and the amplitude of the light field this scenario can be optimized. In addition the momentum partitioned between the ground and excited surfaces can also be controlled. The possibility for pure quantum light-induced acceleration due to a gradient of the transition dipole is analyzed. Significant acceleration can be obtained only for pulses with intensities above 10 14 W/cm 2 and pulse duration of 10 ps.
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I. INTRODUCTION
Photoassociation ͑PA͒ is one of the leading synthetic techniques for creating ultracold molecules ͓1-3͔. In this process light is employed to fuse a pair of free ultracold atoms into a molecule. The probability of such an encounter is crucially dependent on the initial interatomic distance. Ultracold gases or Bose-Einstein condensates ͑BEC͒ have a very low density, so that rarely do a pair of atoms have sufficient interatomic distance to make a photoassociation encounter possible. In a typical atomic density in a magneto-optical trap ͑MOT͒, a photoassociation pulse is able to produce only a few molecules ͓4͔. The present study explores the possibility of employing coherent control techniques to increase the density of pairs of atoms at short interatomic distance. This can be done if long-range atom pairs are pushed toward each other until they reach a critical distance.
Coherent control employs interference of matter waves to optimize the realization of a particular goal ͓5-7͔. Thus a tailored electromagnetic light field is employed to induce constructive interference in pathways leading to the goal and destructive interference to all other pathways ͓8͔. The current study is intended to explore the use of coherent control to increase the probability of close atomic encounters prior to the actual PA. The basic idea is to control the relative momentum between a pair of atoms leading to compression of the interatomic distance. At ultracold condition where the scattering energy is very close to threshold the S-wave scattering wave will be reflected from the downhill gradient of the ground state potential. As a result a vary small fraction of the scattering amplitude enters the attractive part of the molecular potential. The region of the outer reflection defines the distance of the closest approach of a pair of atoms which still has significant amplitude. Higher angular momentum collisional states will be reflected from their centrifugal barrier at even larger internuclear separation.
The S-wave reflection internuclear distance is the optimal starting position for photoassociation leading eventually to ground state molecules. The region in internuclear distance where significant photoassociation takes place is termed the photoassociation window. The location of this window is determined by the detuning of the carrier frequency from the atomic line. The width of the photoassociation window can be determined by the pulse duration ͓9͔. The goal of the present study is to increase the pair density in the region of the "photoassociation window." Thus it can be envisioned as a prepulse in a pulse sequence. The second pulse termed the "photoassociation pulse" transforms pairs of atoms to stable molecules. This second pulse takes advantage of the increased density due to the prepulse studied here leading to a larger number of stable molecules.
For most of the atomic systems the last step of photoassociation is difficult. The typical internuclear distance of the "photoassociation window" is still larger by one or two orders of magnitude than in the vibrational ground state of stable molecules. Coherent control methods have been suggested to optimize the synthesis of ground state molecules globally ͓10͔ using optimal control theory ͑OCT͒. Completely controllability was shown for state-to-state transfer starting from the last bound vibrational level leading to the ground vibrational state. The underlying mechanism was described as repeated Frank-Condon pumping. The multiple cycling requires sufficient intensity and bandwidth. The last bound level has close similarities with the S-wave scattering state, therefore it is expected that a similar pulse sequence would lead to a significant amplitude of stable molecules.
To address directly the photoassociation step, a two pulse scenario has been explored theoretically ͓11͔. The basic mechanism explored was to use a photoassociation pump pulse to create a molecule in the excited electronic surface ͓12͔. A second dump pulse stabilizes the molecule on the ground electronic surface. Chirping the pump pulse has been shown to increase the population transfer and to focus the wave packet on the excited surface ͓9,13͔. Insight on the control possibilities has recently been obtained by studying the dynamics of the current density j ជ ͓14͔. Typical optimal pulses for these transitions have been found to be in the range of tens of picosecond. Experimental effort along these lines has been initiated ͓15,16͔. The typical pulse used have employed a bandwidth corresponding to transform limited pulses of 100 fs. The current experiments are hampered by the low signal in accordance with the low density in the photoassociation window. The optimization goal in these studies can be classified as state-to-state control which differs from the current objective.
The motivation for the current study comes from the recent experiments of Wright et al. ͓17 ,18͔ who employed a chirped nanosecond pulse and were able to enhance the trap loss. The very small values of detuning used in the experiments indicates that the loss mechanism can be traced to acceleration of an atom pair toward shorter interatomic distances. The success of this control suggests that a similar scheme can be employed to optimize the density at the photoassociation window. The objective of the current study is to gain insight on an optimal prepulse employed to increase the pair density at the photoassociation window. This task can be executed if the relative momentum can be accelerated enough to bring together pairs originating at long distance to the region of the "photoassociation window."
II. FORMULATION
The Hilbert space of the photoassociation event is composed of a direct product of the internuclear degrees of freedom R and electronic degrees of freedom. The center of mass motion can be omitted from this description. Within the semiclassical description of the electromagnetic field the Hamiltonian that models the process has the form
where Ĥ 0 is the time-independent molecular Hamiltonian described in a diabatic framework,
2m is the nuclear kinetic energy, m the reduced mass of the colliding partners, and 1 el is the electronic Hilbert space identity operator. V n ͑R͒ is the nth electronic potential energy surface where V g is the ground potential energy surface. V mn are nonadiabatic coupling terms. In this description ͑R͒ is the transition dipole operator and ⑀͑t͒ is the time-dependent external field. In the present study only transitions from the ground electronic surface are considered. Thus,
The time durations of the process are shorter than the spontaneous emission lifetime, therefore the dynamics can be considered as coherent.
A qualitative understanding of the control possibilities can be obtained by examining the characters of each of the three operators that compose the Hamiltonian ͑1͒ and ͑2͒, ͑i͒ The kinetic energy T = P 2 /2m is local in momentum space. The evolution can change directly only the position of the wave function.
͑ii͒ The potential energy V ͑R͒ is local in position space and can directly induce a change in momentum.
͑iii͒ The transition dipole operator nm which couples the various channels of the wave function is switched on by the external field. ͑R͒ is local in position space. At large internuclear distances becomes independent of R. As a result only at short distances when has significant R dependence can the external field directly induce momentum changes.
Local control theory ͑LCT͒ is a unidirectional time propagation scheme to determine the instantaneous phase of the EM field that monotonically increases the expectation of a target operator ͓19-22͔. The governing equations are obtained from the Heisenberg equation of motion of a control objective operator Â ,
The equations define a time-dependent phase factor of the driving field that generates a monotonic increase in the expectation of an objective operator. The observables of interest include the population transfer and the momentum: ͑1͒ The population transfer operator N is defined as
͑5͒
1 g/e is the unit operator for the ground ͑excited͒ channel͑s͒. N defines the population difference between the ground and the excited electronic surfaces. The dynamics of N become
where the summation is over all k excited state channels and the matrix element is taken between the ground channel wave function and each of the excited states wave functions. ⑀ and gk are the phases associated with the field and the transition dipole moment matrix elements. For the case of a single excited state channel e zero population transfer is gen-erated by a field for which ⑀ =− ge . Maximal population transfer is obtained for ⑀ = ± 2 − ge ͓20͔. ͑2͒ The total momentum observable is defined by the operator P tot = P 1 el , where 1 el is the unit operator of the electronic states. The dynamics of the total momentum becomes
where gk is the phase associated with ͗ Ј͘. The total momentum is influenced by an uncontrollable component interpreted as the classical force ͗F ͘ =− ͗ dV n dR ͘ on surface V n , and by a field dependent force which depends on the gradient of
Control of the relative momentum between the electronic states is another possible goal,
The control equation becomes
where gk is the phase associated with ͗P ͘. Note that the nonclassical term contains an additional component proportional to the dipole moment times the momentum. Thus, momentum could be transferred between electronic states even for a spatially independent . However, this term does not generate additional momentum since the total kinetic energy is not controlled by the field
. The local control possibilities are now examined in the context of photoassociation of two colliding homonuclear atoms. At long range, the ground electronic potential scales as R −6 for the S-S asymptote. Therefore, the classical force vanishes rapidly at large interatomic distances ͑see Fig. 1͒ . The first excited electronic potential energy surface which correlates to the S-P asymptote scales as R −3 . This means that at large internuclear distances significant acceleration can only be generated on the excited electronic potential energy surface.
Acceleration can also be generated from the spatial dependence of the transition dipole moment ͓see the second term in Eq. ͑7͔͒. For large internuclear distances the transition dipole between the ground and excited state with angular momentum l is given by ͓23͔
where S,l 0 is the atomic dipole moment. For the S-P asymptote S,P 0 0, the field-driven momentum transfer is negligible.
For the S-D asymptote the potential is proportional to R −5 , and the atomic transition dipole moment vanishes. Thus, the classical momentum gain and the spatially independent population transfer are smaller. This transition can serve as a good example to demonstrate purely nonclassical momentum generation.
III. DEMONSTRATION
Three methods are explored to control the interparticle momentum:
͑1͒ A pump-dump scheme employing the steeper gradient on the excited electronic potential energy surface.
͑2͒ Controlling the exchange of momentum between population on the ground and the excited potential energy surfaces.
͑3͒ Employing the gradient of the transition dipole to increase the total momentum.
Local control theory is employed to achieve the control objectives. The Rb 2 system is employed to demonstrate the three control possibilities. Data for the potentials and the transition dipole moments is taken from ͓4,23͔. The study concentrates on the long-range and small detuning region. To make the demonstration clearer, the short-range part is eliminated by employing an absorbing boundary at short internuclear distance, around R = 70 bohrs ͓24͔.
The initial state is chosen to be the lowest S-wave scattering state on the ground electronic surface. It is obtained by a numerical diagonalization of the time-independent Hamiltonian with a mapped Fourier grid method ͓25,26͔. The ex- tent of the representation box is 10 4 bohrs. The energy of the initial state becomes 7.6 kHz above threshold. At low collision energies the initial scattering wave functions are similar. Therefore, the thermal averaging is well approximated by multiplying the yield close to threshold by a temperaturedependent factor ͓4͔.
The S-P transition is employed to demonstrate the pumpdump momentum gain and the momentum exchange approach. Subsequently, the field-driven induction of momentum will be demonstrated on the S-D transition of Rb 2 .
A. Pump-dump momentum gain
The pump-dump mechanism is based on transferring most of the ground state population to the steepest potential curve. In the present example this is the S-P asymptote, which scales as R −3 . A short pump pulse that inverts the atom-pairs population, e.g., a pulse, will achieve this goal. Free propagation on the excited potential energy surface will then increase the momentum of the excited state population. An identical subsequent dump pulse ͑not necessarily coherent with the pump pulse͒ will return the accelerated population and yield ground state atom pairs with momentum acceleration. Figures 2 and 3 demonstrate such a process. A Gaussian pulse with a temporal width of 10 ps and peak intensity of 630 kW/ cm 2 transfers almost all the population from the ground molecular state to the excited state. After approximately 1 ns a second identical pulse drives the population back to the ground state. The trajectory of the product of the transition dipole with the field ͗ ⑀͑t͒͘ ge is presented in panel ͑a͒ of Fig. 2 . The imaginary part of ͗ ⑀͘ ge is directly proportional to the population transfer rate ͓cf. Eq. ͑6͔͒. The real part of ͗ ⑀͘ ge is related to the energy balance. The lobe that lay on the positive imaginary axis represents the early pump period. The other corresponds to the dump. The dynamics of the population and the imaginary part of ͗ ⑀͘ ge are shown at panel ͑b͒. The momentum gain during the processes is shown in Fig. 3 . Note that positive momentum is defined as motion toward shorter internuclear distances. The population on the excited state acquires momentum due to the larger force during the field free evolution. Most of this momentum is then shifted to the ground state during the dump step. The two panels in Fig. 4 display the Winger phase-space distribution function for the ground electronic state before and after the pump-dump process. The initial Wigner function has zero average momentum, and it is therefore symmetric with respect to the momentum inversion. The movement of amplitude from positive to negative momentum at the final Wigner function indicates for a significant acceleration toward short internuclear distances. A second continuous wave ͑CW͒ laser tuned to be at resonance at a Condon radius R C = 100 bohrs could probe the flux of population that results from the process. A simple estimation shows that the most distant accelerated atom pairs ͑R Ϸ 4000 bohrs͒ will reach this radius within a few s. From an integration of the accelerated fraction of the population in Fig. 4 one can estimate that the probe signal consequent to the pump-dump prepulses will be enhanced by a factor of 60 with respect to a photoassociation reaction without the prepulse. Note that this estimation is based upon the relative part of the accelerated versus the stationary state wave function and thus it should not depend on the trap parameters, e.g., temperature and density. The spatial distribution of the population affected by the excitation pulse is determined by the detuning from the atomic line and the bandwidth of the pulse. The point of resonance where the detuning matches the energy difference between the two potentials becomes the center of the photoassociation window. Its extent is determined by the bandwidth ͓13͔. By employing a chirped pulse a complete inversion of population is possible within the photoassociation window. For small detuning the photoassociation position is not well defined. A sufficiently intense chirped pulse will induce complete population transfer for all atom pairs beyond a minimum distance. Loss of spatial resolution means that a well-defined wave packet at large internuclear distances cannot be obtained by pulse shaping.
B. Momentum exchange
When the transition dipole operator is spatially independent, it commutes with the total momentum operator and therefore momentum can be gained only by acceleration on the potentials. Since the excited state potential has a significantly larger gradient, the optimal scheme to gain momentum is to promote maximum population to the excited state and dump it back after it has gained momentum. The maximal momentum enhancement is determined therefore by the pump-dump scheme. It is a classical, i.e., phase insensitive, quantity which is independent on the field properties. The partitioning of the gained momentum between ground and excited electronic states is, however, governed by quantum interferences and could be controlled by the field. The demonstration of the momentum exchange is the subject of this section. In this scheme some initial momentum ͗P ͘ is generated by the gradient of the excited state potential. Therefore, amplitude must be excited from the ground state, and allowed to accelerate on the steeper R −3 potential. At a later stage this momentum is partitioned between the ground and excited electronic states.
To generate this initial momentum a Gaussian pulse with 10 ps duration and a peak intensity of 350 kW/ cm 2 is applied. This pulse transfers approximately on-half of the population to the excited state. The system is allowed then to propagate freely for a duration of 1 ns accelerating toward shorter internuclear distances. Subsequently, a second control pulse is applied with the purpose of exchanging momenta between the two electronic states.
Figures 5 and 6 present the dynamics of a typical momentum exchange process. In addition a local control strategy is applied to maintain dN / dt = 0. The phase of the field is taken to be ⑀ =− ge ͓see Eq. ͓9͔͔. Panel ͑a͒ of Fig. 5 presents the expectation values of the momentum. Panel ͑b͒ presents the population change during the process. The population remains constant during the second period of the process in which the momentum transfer occurs ͓see panel ͑c͔͒. The left-hand panel of Fig. 6 exhibits the trajectory of the momentum exchange term ͗P ⑀͘ ge on the complex plain. On the right-hand panel the time dependency of the expectation values of the classical force and the imaginary part of ͗P ⑀͘ ge are shown.
C. Purely quantum momentum gain
Quantum momentum gain is the result of a controlled spatial gradient of the Hamiltonian. The present example explores the gradient of the transition dipole moment. This gradient should be compared to the gradient of the potential. For the first excited S-P asymptote the classical force is proportional to C 3 / R −4 while the quantum momentum gain scales as Јϳ P / R −4 . In most cases P / C 3 Ϸ 10 −1 . Thus, for large R the classical force is much stronger than the quantum mo- mentum gain. In addition, the nonzero atomic dipole moment for the transition, eliminates the S-P asymptote from serving as a good example for quantum momentum gain.
For the S-D asymptote the classical force is given by C 5 / R −6 , the quantum momentum gain scales as Ј ϳ D / R −5 and D / C 5 Ϸ 1 − 10. An intense laser field could thus induce a significant quantum momentum kick.
An initial state is chosen where one-half of the population has been moved to the excited state of the D asymptote. This state can be generated in principle by a rapid two-photon excitation. Subsequently, an intense pulse with I =10 16 W/cm 2 and pulse duration of 10 ps is applied. The dynamics of the process are summarized in Fig. 7 . Panel ͑a͒ presents the expectation values of the momentum vs time. Panel ͑b͒ presents the quantum momentum induction term ͑solid line͒, the classical force ͓dashed ͑red͒ line͔, and the time derivative of the total momentum. As could be seen, the total momentum gain is the result of the quantum momentum gain term and has a Gaussian profile. Panel ͑b͒ presents in dotted-dashed ͑blue͒ line the momentum exchange term ͗P⑀͘ ge , and the time derivative of the momentum on each of the states. The relative momentum term is more structured, and is responsible for the change of the momentum between the surfaces. The absolute and the relative momentum terms are quite similar in magnitude, and therefore at the end of the process momentum is distributed almost equally between the two electronic states. As a check of the quantum momentum generation the calculation was repeated with a spatial independent transition dipole moment, cf. Fig. 8 . It is clear that the source of the total momentum gain is the result of the gradient of the potential and is smaller by a factor of 20 compared to the case of a spatially dependent transition dipole moment.
Pulses with energies that correspond to intensities of 10 16 W/cm 2 and pulse duration of 10 ps are currently beyond feasible experimental abilities. For the case of Rb 2 the break-even point between the classical momentum gain and the quantum momentum is at intensities of 5 ϫ 10 13 W/cm 2 and pulse duration of 10 ps.
IV. MOMENTUM EXCHANGE-CORRELATION TIME
Several strategies can be employed to control the momentum exchange term. In this section we will concentrate on the influence of the second phase-controlled dump pulse on the momentum transfer efficiency. In the preceding section momentum exchange with constant population transfer was demonstrated. Another possible control scheme is to maximize the momentum transfer from the excited state to the ground state. From Eq. ͑9͒ it is obvious that in order to do so, the phase of the field e must be adjusted at each given time to be e ͑t͒ = /2− ge ͑t͒, where ge is the phase associated with ͗p ͘ ͓see Eq. ͑9͔͒. Figure 9 demonstrates an example for a simulated dynamics during the dump period with the field taken to fulfill these conditions. The intensities, pulse durations, and the delay between the two pulses for the pump and the control pulses are the same as in Fig. 5 . The qualitative dynamics of the momentum gain are the same as in Fig. 5 but the final momentum on the ground state is higher by about 13%, due to the higher momentum transfer efficiency. As can be seen, even under maximal momentum transfer, the conversion of momentum to the ground state is not complete.
To understand better the reason for the partial momentum conversion one can look at another control scheme which resembles the simple pump-dump scheme with transform limited Gaussian pulses. Figure 10 presents the dynamics of the second control step for a transform limited flat-phase pulse that has 2 times the intensity of the first pump pulse. The pulse has enough intensity to cause a one-half Rabi cycle. First, it removes almost all the population from the ground state, and then it returns one-half of the population back to the ground state. Surprisingly, as can be seen in panel ͑a͒ of Fig. 10 , most of the population that is moved back to the ground state carries with it the momentum accumulated on the excited state. Thus, the system undergoes a partial momentum inversion, namely, the population that reaches the ground state after the pulse is the population that was mostly at the excited state before the pulse ͑and vice versa͒.
Apparently, this finding seems to be a memory effect of the system with respect to origin of the various populations that occupied the electronic state before the pulse. The role of this memory effect is demonstrated in Fig. 11 . The efficiency of the momentum conversion to the ground state on the pulse duration is presented. Three control schemes are considered: ͑1͒ Maximal momentum transfer ͑black line with squares͒; ͑2͒ simple transform limited pulse ͑no control over the phase͒; and ͑3͒ no population transfer between the sur- faces. The total intensity of all the pulses was kept constant for the comparison. In all the runs, the initial excited state momentum is 3.8ϫ 10 −3 a.u. As seen in Fig. 11 , a complete momentum inversion is obtained for pulse durations below 1 ps. For longer duration the efficiency of the momentum transfer decreases. As expected, the most efficient scheme is the one that uses the phase to maximize the momentum transfer.
The ability to control is based on the possibility of the field to follow the variation in the phase of the expectation values to be controlled. In our case, this quantity is the matrix element: ͗P ͘ ge which is in charge of the momentum exchange ͓see Eq. ͑9͔͒. For short pulses, this variation is slow and the control schemes can be realized. For longer pulses the propagation of the wave function on the ground and the excited state cause scrambling, meaning a loose correlation of the phase. Thus, control schemes cannot be realized easily. The time scale of the loss of the phase correlation is approximately 10 ps for the present case of Rb 2 . A detailed analysis of the phase dynamics can be found in ͓14͔.
V. SUMMARY
Controlling the momentum of atom-pairs on a given electronic state is crucial for an efficient production of ultracold molecules. Several schemes by which relative momentum can be acquired have been explored leading to a compressed atom pair. The schemes for momentum gain can be classified as pump-dump, exchange, and quantum. Coherent control schemes can optimize the generation of momentum and its distribution between the ground and excited electronic surface. The quantum momentum gain scheme for Rb 2 , seems to be infeasible at the current technical capabilities.
The use of a prepulse to enhance the PA signal was shown to induce the momentum gain for atom pairs at long internuclear distance, and consequently to an enhancement of the density at shorter distances. The temporal duration of the enhancement is on the order of microseconds. A total conversion of atom pairs that will undergo collision to molecules is estimated for Rb in densities of a MOT trap to increase the PA signal by a factor of 60.
The insight on the mechanism of momentum generation has led to the identification of a control time scale, the period the external field can follow the evolution of the molecular phase.
Creating large numbers of deeply bound molecules from an ensemble of atom pairs requires the increasing of the density of atom pairs in the photoassociation window. Induction of momentum on the ground state population leads to a flow of population from long internuclear distances to smaller ones. On the ground state, the accelerating atom pairs are long living in the trap and would eventually reach the photoassociation window, even if the momentum that was induced into it was small. Alternatively, one would like to control the spatially dependent flux and compress the density directly into the PA window ͓14͔. This could be done only to a limited extent due to the fact that the population that could be collected for that purpose should be in the middle of the internuclear distances, up to R ϳ 100 bohrs.
A single frequency laser could also be added. Such a CW laser can open additional excited state potential to the control scheme. For example the ion-pair state which scales as ϳ1/R will have enhanced acceleration. Better control could be also achieved by optimal control theory which employs a global optimization carrying information from both the past and the future. Experimentally based feedback schemes ͓27͔ can also out perform the local schemes. Nevertheless the major advantage of the local scheme is that it supplies a tentative mechanism which can be generalized beyond a specific system.
